This review article aims to stress and reunite some of the analytic formalism of the anomalous diffusive processes that have succeeded in their description. Also, it has the objective to discuss which of the new directions they have taken nowadays. The discussion is started by a brief historical report that starts with the studies of thermal machines and combines in theories such as the statistical mechanics of Boltzmann-Gibbs and the Brownian Movement. In this scenario, in the twentieth century, a series of experiments were reported that were not described by the usual model of diffusion. Such experiments paved the way for deeper investigation into anomalous diffusion, i.e. (∆x) 2 ∼ t α to α = 1. These processes are very abundant in physics, and the mechanisms for them to occur are diverse. For this reason, there are many possible ways of modelling the diffusive processes. This article discusses three analytic approaches to investigate anomalous diffusion: fractional diffusion equation, nonlinear diffusion equation and Langevin equation in the presence of fractional, coloured or multiplicative noises. All these formalisms presented different degrees of complexity and for this reason, they have succeeded in describing anomalous diffusion phenomena.
Introduction
Nowadays, we are all sure of the existence of atoms and molecules, but it has not always been so. The search for the understanding of this microscopic world has involved hundreds of theories that have direct implications in our lives. One theory that investigated the effects macroscopic effects of a system of many particles (gas) and was very successful, was the thermodynamics. The phenomenological theory known as thermodynamics sought to describe the phenomena related to heat. This theory obtained great strides in the investigations of Nicolas Léonard Sadi Carnot (1796-1832) and Rudolf Julius Emanuel Clausius (1822-1888) during the XIX century. At that time, the hypothesis of the atomic and molecular world was in evidence, in which physicists Ludwig Boltzmann (1844 Boltzmann ( -1906 and Josiah Gibbs (1839 Gibbs ( -1903 led physicists to investigate the thermodynamic quantities from a molecular and atomic point of view. In other words, these scientists of nature have discovered several laws that nature apparently obeys.
The molecular and atomic world began to gain his own mathematical approaches. In this context, James Clerk Maxwell (1831-1879) proposes a distribution associated with a thermodynamic system in equilibrium. Such a distribution has a Gaussian shape at velocities, which would imply satisfying some important properties associated with the velocity of the particles of a gas. In 1855, Adolf Eugen Fick (1829-1901) derived his laws, which relate the flow of particles in a volume with the temporal variation of concentration in volume. In particular, he obtained an equation describing the dynamics of a particle concentration in space and time, which mathematically has the structure of the heat equation. These formalisms described the dynamic processes in a phenomenological way, and not the mechanisms that imply in the diffusion.
The ideas about the microscopic dynamics implied in a series of works done by Boltzmann and Gibbs, that investigated the microscopic aspects of the thermodynamics, thus discovering a connection between the macroscopic world and the microscopic one, founding the statistical mechanics. In this context, the Boltzmann-Gibbs entropic function is presented, i.e. S BG = −k B W i=1 p i log p i , in which k B is the Boltzmann's constant and p i is the probability associated with a microstate of the system. In fact, Boltzmann brought a probabilistic character to all the mechanics of particles system in thermodynamics. The result of this discovery were diverse. In particular, it implies several analytic expressions to describe thermody-namic systems. In these circumstances, the Boltzmann-Gibbs entropy can be related to the Maxwell distribution for the velocity of the particles, that is to say, a function of the Gaussian type. The diversity of problems that could be described by statistical mechanics [1, 2, 3] transcended physics and, today, has developments in the study of complex systems [4] . But there are a number of complex processes in which the mechanics of Boltzmann and Gibbs are not applicable, for example, in processes dynamics with memory between their components, in such a way that ergodic hypothesis is violated [5, 6, 7] . In this scenario, the investigations about microscopic world has begun to have a probabilistic approach, a series of formalism associated to the dynamics of small particles were proposed. Lately, the formalisms defined the concept of usual diffusion, the first formalism was proposed by Einstein in the beginning of twentieth century.
In 1905, Albert Einstein (1879 Einstein ( -1955 published a series of works that had a great impact on modern physics, among which is the one that described the movement of microscopic particles (now known as Brownian motion) immersed in a fluid [8] . In his theory, he proposed a diffusive system without temporal and spatial correlations between its components. Thereby, he derived the diffusion equation. Through this equation he showed which the fluctuation of position to particles is associated with a Gaussian distribution and the temporal evolution implies a law of proportion for the mean square displacement (MSD), given by
This behaviour is connected to Fokker-Planck equation (diffusion equation under presence of force). Moreover, the Fokker-Planck equation is deeply connected with Boltzmann-Gibbs entropy [9, 10, 11, 12] . After Einstein's proposal, several physical systems have demonstrated to follow this ratio for the time evolution of quadratic displacement, on the other hand: a number of physical systems broke the relationship of MSD in time, i.e., (x − x ) 2 = t, cases that became known as anomalous diffusion phenomena (Non-Brownian motion) [13] .
Non-Brownian behaviour in most cases is associated with generalised distributions and, therefore, more general theories than Boltzmann-Gibbs mechanics. Thus, several physical mechanisms could cause this type of diffusion, which was characterised as anomalous diffusion. Among the most well known mathematical formalisms are nonlinear dynamics, fractional equations (fractional calculus [14] ), and equations with variable diffusion coefficients. These formalisms can be treated analytically and derive a MSD of the type (x − x ) 2 ∝ t ν , which may imply minimalist generalisations of the formalisms that describe the usual diffusive movement, for ν → 1 the usual case is recovered, to ν > 1 systems are known to have a super-diffusive dynamic and to ν < 1 sub-diffusive.
The fractional diffusion involves phenomena that have spatial and temporal correlations. In this work, it is common the nomenclature fractional dynamics that refers to diffusion equations defined by derivatives of noninteger order (the derivative can assume a value of real order). Anomalous diffusion through fractional equations is associated with super-statistics [15] and can be linked to a generalised random walk, which has implications for animal dynamics [16] , in the movement of proteins [17] and even in the diffusion of magnetic particles from the sun [18] .
The nonlinear diffusion equations imply in a series of generalisations, in particular, the nonlinear dynamics can imply in anomalous diffusive processes and in generalised entropies [19, 20] . These entropic forms recover the Boltzmann-Gibbs entropy, so the type of treatment to describe the anomalous phenomena is associated with generalised statistics. In particular, these generalised entropic forms have applications in various contexts and are associated both in the thermodynamic description of massive objects such as black holes [21] as to quantum characteristics involving the dynamics of spins in glasses [22] .
The formalism that addresses the problem of anomalous diffusion for diffusion equations with variable diffusion coefficients are associated with the heterogeneous media in which the diffusion coefficient can be time and space dependent. Such formalism is associated with the Boltzmann-Gibbs entropy, but it is restricted to a class of solutions that is related to stochastic processes with a multiplicative noise type in Langevin sense [23] . This type of process can justify the dynamics associated with out-of-equilibrium thermodynamics [24] . The variable diffusion coefficient approach can be connected to a class of nonlinear equations associated with generalisations of statistical mechanics [25] .
Several generalisations with respect to the Boltzmann-Gibbs theory have been proposed, from the dynamic point of view, and these generalisations describe anomalous diffusion phenomena. In this text, we will discuss the formal aspects that led to the description of anomalous diffusion. This work is divided into a few sections. In the section 2, we will review the first analytic proposal to describe an anomalous diffusive process in turbulent currents. In the same section, we will make a brief classification on anomalous diffusion. In the others sections, we will review three analytic approaches to anomalous diffusion. The first of them, section 3 concerns the construction of walkers that imply in equations of diffusion with fractional derivatives i.e. d α dx α [14] . A typical example is the following expression:
in which ρ(x, t) is a distribution of probabilities, D γ,µ is the generalised diffusion coefficient, 0 < α < 1 and 1 < µ < 2. This equation will be detailed throughout the text, this formalism gained much evidence with the works of Klafter, Barkai, Saichev Zaslavsky, Schneider, Wyss and Metzler [13, 26, 27, 28] . In the second analytic method (section 4), we demonstrate in what context non-linear diffusion equations [29, 30] appear in physics, i.e.
and how do these forms connect with the theory proposed by Tsallis about a possible generalisation of statistical mechanics [31] . The last formalism (section 5) is about stochastic equations. Such equations admits a series of generalisations, among them we may cite the generalised Langevin equation [32, 33, 34] , as follows
in that x(t) is a stochastic variable dependent of time. The Eq. (3) describes the position of a particle of mass m immersed in a fluid. There, ζ(t) is the correlation function and ξ(t) the noise. We will review a series of details of these three formalisms which reproduce very well a series of dynamic behaviours in diffusive systems. Finally, in the section 6 we will discuss how these formalisms have been used, and how their applications transcended their initial purpose. Looking at the big picture of the diffusive process studies we observe that nature is not simple and involves a diversity of complex factors. In this scenario, the analytic tools become elegant because these tools capture the sophisticated dynamic behaviour in nature.
Turbulent diffusion and the beginning of anomalous diffusion
The anomalous diffusion processes began to be observed and investigated after Einstein's work [8] . The year 1928 was a milestone in the history of anomalous diffusion, in this year was published the work "Atmospheric Diffusion shown on a Distance-Neighbour Graph" [35] , written by the British scientist Lewis Fry Richardson, it is based on measures of diffusive D in the turbulent systems, ranging from capillary tubes (D ∼ 10 −2 cm 2 sec ) up to cyclones (D ∼ 10 11 cm 2 sec ). To understand this variation of diffusivity, Richardson demonstrated that the equation proposed by Fick for diffusion, i.e.,
is not suitable for describing diffusion in turbulent currents, in which ρ is concentration of particle. Thus, Richardson proposed the number of neighbours per unit length q as a function of the distance l between neighbours [35] . And he obtained the equation he called "Non-Fickian Diffusion equation",
in which F (l) is increasing in relation to l. He treated the problem as having the diffusive independent of position (spacial variable), but dependent on the distance between particles. To determine the function F (l), Richardson constructed graphs of the respective logarithms of the diffusivity D versus the distance between the neighbours l.
In this way, he adjusted the data through the relation F (l) = 0.2l 4 3 , then obtaining the equation
Considering the change of variable α = l 1 3 , we can rewrite the Eq. (6) as follow
which has the same mathematical structure of the heat diffusion equation in a homogeneous solid, where the isothermal surfaces are concentric spheres of radius α and with equal diffusivity. Richardson found the solution to Eq. (7), as
in which A is an independent parameter of α and t. Thus, Richardson defined the normalisation constant as follows
in which β 2 = α 2 4t /9 . He obtained the second moment, given by
This expression demonstrates a different behaviour in relation to Fickian diffusion, which would later be classified as anomalous, and the diffusive processes that involved this class of phenomena would be known as anomalous diffusion.
In the decades following Richardson's work, some experimental work emerged confirming the existence of this type of behaviour. Let's mention some examples: In polymers [36, 37] , plasma [38, 39] , metals [40, 41] and semiconductors [42] . Despite strong experimental evidence on the subject, the formalisms for describing such phenomena were unknown.
In the second half of the last century, some formalisms have arisen to describe this type of transport with average nonlinear quadratic displacement over time. The anomalous diffusive processes came to be classified in two ways, to define them we will consider the equation
The first class is that of super-diffusive phenomena, which occur when α > 1.
The second class is that of sub-diffusion (sub-diffusive phenomena), which occurs to α < 1, the case when α = 1 corresponds to the usual diffusion. In 1975, Scher and Montroll [43, 44] related the anomalous diffusion in the dispersive transport of charge carrier in amorphous semiconductors, as the investigation of continuous time random walk (CTRW) [45] approached by Weiss and Montroll. To a deeper comprehension about anomalous diffusion in fractional context see the references [46, 47, 48, 49] . These systems that present anomalous behaviour can be found on diffusion of proteins in the cellular membrane [50, 51] , hydrology and geology [52, 53] , among others [13] . Super-diffusive behaviours were found in the movement (corresponding to processes known as Lévy's walk) of various animal species [54, 55] . It has also been used at a microscopic level to describe the movement of protozoa [16] . In chemistry, anomalous diffusion has been a phenomenon that occurs in systems with chemical reactions or in electrical impedance theory [56] , among other applications that will be mentioned throughout the text. In the following sections, we will discuss the formalisms that imply in anomalous diffusion.
Fractional equations and continuous time random walk
In the case of the random continuous walker known as CTRW [13] , unlike the previous case, the time interval between the steps is given by an infinitesimal amount of time. The walker takes a long step λ in an arbitrary direction in x, for a given time interval between t and t + dt. The steps are statistically independent, occurring at random time intervals. We can then write the length of the jump as a probability density function,
as well as the waiting time
in which λ(x)dx corresponds to the probability of a long jump L in a given range x → x + dx, and w(t)dt the probability of a waiting time τ in a time interval t → t+dt. Thus, the walker can be described by a probability density function ψ(x, t), being L and τ independent random variables. The function ψ(x, t) can be decoupled as follows ψ(x, t) = w(t)λ(x). In this way, there may be a divergence in both the waiting time and the length of the jumps, depending on the nature of the functions ω(t) and λ(t). These quantities may describe characteristics of the distribution. For example, the case with finite mean wait time and divergent jump length variance implies Lévy-type distributions, or else the case where the average wait time diverges, keeping the jump length variance constant, implies in the random walker with fractal time.
Thus, a parallel between random walkers with discrete and continuous time is established in the case where time is a discrete variable. There are successive jumps occurring between uniform time intervals, but, in case that time continuously evolves, the duration between jumps constitutes the random variable. In this way, the prediction of the walker's next position may not only want local knowledge of walking but also of positions in earlier times. This dependence on the state of the system and its past history reveals that the CTRW can describe a non-Markovian process.
The diffusion equation can be obtained by means of the integral equation of CTRW theory, obtained by means of the Fourier transform, following procedure. It is considered the average waiting time,
and the jump length variance
By means of such averages, we can characterise different types of CTRW considering the finite or divergent nature of these quantities. In a more general case, any of these different CTRW can be described by the integral equation
being η(x, t) the probability per unit of displacement and time of a random hiker who has left the x in the time t, to the position x in time t , being the last term (product of two delta functions) the initial condition of the walker. Therefore, the probability density function p(x, t) of the walker to be found in x in the time t is given by
in which
is the probability of the walker not jumping during the time interval (0, t), that is, to remain in the initial position. Applying the Laplace transform in equations (17) and (18) and using the convolution theorem, we have
To determinate η(x, s), we must return to (16) and apply the Laplace transform on the temporal variable and Fourier transform on the spatial variable. Making use of integral transformations, we have
Using the previous result (Eq. (19)) and considering a generic initial condition p 0 (x), we have
This equation can be applied to systems that have the jump length coupled to the waiting time.
The walker associated with fractional equation
In 1987, Klafter, Blumen and Shlesinger [57] demonstrated how it is possible to arrive at anomalous diffusive behaviours starting from the continuous random walk in time. Initially, if we consider that x 2 is finite however t infinite (divergent), the waiting time distribution assumes long-tailed with power-law asymptotic behaviour
which has the corresponding Laplace space w(s) ∼ 1−(τ s) α . As λ-distribution is finite
with the asymptotic limit λ(k) ∼ 1 − σ 2 k 2 /2. Using the Eqs. (22) and (23) we have the following asymptotic expansion in Laplace-Fourier space
in which 0 < α < 1. Replacing the Eq. (24) in Eq. (21) obtain
by performing the inverse Laplace-Fourier transforms we obtain the following equation
which can be written as follows
is the fractional derivative of Riemann-Liouville [14] . For more details on the fractional calculus see the reference [14] . The solution (27) is given by
in which H is the Fox function [58] . to waiting time distribution we obtain more complex models [59] . Actually, there is a big class of waiting-time distributions that are very important in physics [60, 61] .
We derive a result that is a direct consequence of the fractional derivative in Eq. (27) considering that the particle has an initial state located at the origin, that is, p(x, 0) = δ(x), thereby p(k, 0) = 1. As a consequence of the distribution to be symmetrical, we have x = 0. Therefore, we may calculate x 2 to associate this formalism with the anomalous diffusion. It is known that
by using the Eq. (25), we have
to k = 0 and performing the inverse Laplace transform, we obtain
since α is restricted to the range 0 < α < 1. This system type corresponds to a subdiffusive dynamics.
The walker associated with Lévy flights
In this subsection, we will emphasise a kind of equation that takes into account the divergent second moment to distribution, and these distributions are known as distributions of Lévy, which are related to the so-called Lévy flight [62, 48] . In this direction, the first moment of distribution w(t) is considered finite, and the second moment in the infinite step length distribution. Considering the following form
in which 1 < µ < 2. Using the w(s) ∼ 1 − τ s and Eq. (33) in (21) we may obtain
simplifying this equation
performing the inverse Laplace transform, we obtain
we can define another fractional derivative. The Riesz-Feller proposal [49] , which can be written
the Fourier transform of this derivative is expressed as follows
thus, the inversion of Eq. (36), the result is given by
Now we want to find the solution of this fractional equation, with the initial condition is given by a delta function located at the origin, i.e. p(k, 0) = 1.
We may perform the inverse Laplace and Fourier transforms in Eq. (34), we have
the structure of p(x, t) combined with the ϕ, characterises a Lévy distribution. The exact solution to integration the Eq. (40) is the following
we can write the H-fox function in terms of Lévy distribution, as follow
for µ = 2 we retrieve the Gaussian distribution, to µ = 1 we have another particular case that corresponds to the distribution of Cauchy p(x, t) = 1
The figure 2 exemplifies the behaviours of Eq. (42) . Various combinations can be made, and this type of formalism has been used to model various systems in physics. Examples of these are: diffusion of charges in neurons [63] , scattering patterns in the light spectrum [64] , observation of anomalous diffusion and fractional self-similarity in one dimension [65] , theory of fractional Lévy kinetics for cold atoms diffusing in optical lattices [66] , aging renewal theory and application to random walks [67] . In the references [68, 69, 60] we approaches issues related to fractional diffusion.
In the last decades, the applicability of fractional equations (derived and integral) has been extensively investigated in several contexts that present anomalous diffusion. Ralf Metzler and Joseph Klafter reported a series of results in [70] , between these results, are present approaches on the Fokker-Planck equations and fractional Kramers, demonstrating analytically that the second moment of these equations present an anomalous diffusive behaviour. In [71] , Barkai and Silbey presented a version of the fractional Klein-Kramers equation in which they demonstrate an initial behaviour (t → 0) ballistic, i.e., x 2 (t) ∼ t 2 and for a long time the behaviour is super diffusive x 2 (t) ∼ t 2−α in which 0 < α < 1. In this direction, the article [72] presents an extension of the concept of continuous time random walks to position-velocity space. The authors derived a new fractional equation of the Kramers-Fokker-Planck type. The result is a series of anomalous in diffusive behaviour.
Non-linear equations and the generalised walker
Non-linear equations in the context of diffusion were extensively investigated as generalisations of the Fokker-Planck equation [30, 73, 25] . Just as the Einstein equation for diffusion has a mathematical structure identical to the heat equation, these nonlinear diffusion equations have similarities to equations that were already known. In this section, we mention such non-linear forms. Considering a conservative system in which mass transport occurs, the density ρ depends on the variables in time and space, it is possible to demon-strate that the dynamics are governed by the differential equation
in which q is related to the flow and φ the porosity of the medium. Using Darcy's Law [74] ,
in which ∂ x P is the pressure gradient, κ is the permeability and µ the viscosity of the fluid. Considering that the pressure has a non-linear shape with the density in porous media, there are several ways to approach this type of nonlinearity. For example, we will use the power P ∼ ρ γ−1 , so the Eq. (45) can be written as
This equation is known as the transport equation in porous media [29, 75] , several extensions were investigated in fluid dynamics. Today, there are numerical [76, 77] and experimental [78, 79] evidences that have related the diffusion in porous media with anomalous diffusion. In 1995, Tsallis and Buckman investigated a nonlinear form for the Fokker-Planck equation which has the same mathematical structure as the porous media equation. The Tsallis-Buckman's work was entitled "Anomalous diffusion in the presence of external forces: exact time-dependent solutions and entropy" [80] . The proposal was
this equation have a similar form to the equation for porous media [81, 82, 83, 84] for the case F (x) = 0, suggesting that the mass flow caused by the pressure difference is analogous to the probability flow with non-linear terms. They presented the solution to the case where the force is given by F (x) = k 1 − k 2 x and demonstrate that the solution can be found by using the ansatz given by
As a solution they find the general relation between the parameters, given by q = 1 + µ − ν, and the following solutions for x M (t), β(t) and Z,
and
assuming the case where k 2 = 0 and the relationship β = 1/2σ 2 , such that σ is the variance of the distribution, as a consequence, we obtain the following expression
This result recovers the Brownian motion for the usual Fokker-Planck equation, that is, µ = ν = 1, that implies 1 β(t) ∝ t. If ν/µ > 1 the system is subdiffusive and ν/µ < 1 is subdiffusive, taking into account that 0 < ν/µ < +∞.
The generalisation of the Gaussian function in Eq. (48) is given by
which is commonly known as q-Gaussian. Just as the Brownian motion can be associated with the central limit theorem. The q-Gaussian distribution was associated with a generalisation of the central limit theorem [85] . On the other hand the q-exponential function has had several implications for diffusive phenomena as well as for other contexts in physics. In particular, Tsallis and others have used this formalism to find a class of solutions for nonlinear versions of the Schrödinger, Klein-Gordon, and Dirac equations [86, 87] . The q-exponential ansatz was presented in literature in 1988 by physicist C. Tsallis in Ref. [31] . In the article, he proposed a non-additive entropic form
in which W i=1 p i = 1. The Eq. (54) has many applications in physics and complex systems [88, 89, 90, 91, 92, 93, 94, 95] . The theory he formulated is known as non-extensive or generalised statistical mechanics, since to q → 1 the Tsallis entropy recovers the Boltzmann-Gibbs entropy, i.e. lim q→1 S q = S BG . The proposed entropy brings with it a generalisation of Boltzmann factor and of the dynamics of Brownian motion. Here, it is necessary to remember that the Tsallis-statistic can be connected with Superstatistic theory [96] The ansatz (Eq. (48)) proposed by Tsallis is a consequence of the generalisation of Boltzmann factor [97] , i.e. e −βE q , in that in the limit q → 1 the Eq. (48) assumes a Gaussian form. In fact, the walker may be called generalised walker because it is linked to non-extensive statistical mechanics. The connection between the Tsallis statistic and nonlinear Fokker-Planck equation (FPE) is deeper than the Boltzmann factor. It was proved through the Htheorem in works [11, 20] to nonlinear FPE, and in Refs. [19, 10] to nonlinear Klein-Kramers equation. It means that, in works [10, 11, 98] , the authors use the H-theorem to present how different class of nonlinear Fokker-Planck equation implies generalised entropies (Tsallis, Rényi, Kaniadakis, etc) or vice versa.
As presented in the section 2 of this chapter, we discuss an important work associated with the anomalous diffusion processes of particles suspended in turbulent currents. In [99] , Malacarne et al., investigated a series of solutions for the nonlinear diffusion equation with the power law type diffusion coefficient, i.e., K(r) = Dr −θ . These equations can be summarised as follows
in which the Laplacian is written as follows
for θ = 0 the Laplacian assumes the form d-dimensional. The solution found by the authors is a generalisation of nonlinear walker to a heterogeneous system. They obtained an analytic expression for the second moment, given by the following form
for ν = 1 we have r 2 ∝ t 2 2+θ . In addition, considering θ = − 4 3 we recover the case proposed by Richardson in Eq. (10). The consideration ν = 1 shows that the nonlinear case has a class of solutions in which MSD is invariant from the point of view of dimensions (parameter d). In the case that θ = (1 − ν)d, the system has a usual Brownian behaviour, if θ > (1 − ν)d the system is subdiffusive and if θ < (1 − ν)d the system is super-diffusive.
The figures 3 and 4 exemplify the behaviours of Eq. (47) to F (x) = 0, with normalisation factor presented in Ref. [99] . Therefore, there are several non-linear formulations in which the diffusion equation has been investigated [100, 101, 94, 102, 103] . In particular, Tsallis's proposal was used to investigate quantum entangled [104] , nonextensive scaling law in confined granular media [105] , standard map [106] , anomalous diffusion in a long-range Hamiltonian system [107] , dynamics of normal and anomalous diffusion in nonlinear Fokker-Planck equations [108] , normal and tumoral melanocytes exhibit q-Gaussian random search patterns [109] . 
Stochastic equations and correlated walker
The Langevin equation was generalised by Kubo and Mori for a class of correlated noises [32, 110] , which made the equation known by the generalised Langevin equation (GLE). Their description incorporate the fractional formalism made by Mandelbrot, and resulted in a generalisation of the fluctuation-dissipation theorem [33] . On the other hand, GLE has been used to describe systems out of equilibrium [34] and sub-diffusive processes of a single molecule of protein [111] .
Mandelbrot and Van Ness extended the Brownian motion by proposing a fractional Gaussian noise [33] , which is written as follows
in which H is the Hurst exponent, the Gaussian noise is recovered to the value H = 1 2 , for other values between 0 < H < 1 the noise incorporates anomalous effects, and for this reason is known as fractional noise. The variance of Eq.
(58) is given by 2D H t 2H , in which D H = Γ(1 − 2H) cos[Hπ]/(2Hπ). From these properties one can determine the correlation between noise, which for Mandelbrot noise can be written as
in which ξ(t) = 0. The fractional Langevin equation is given by [6] 
the Eq. (60) shows that the noise is correlated with the friction term through the fluctuation-dissipation theorem. In particular, the Eq. (60) can be related to the formalism of the fractional calculus as follows
The fractional derivative C a D α t is of the Caputo type, defined as follows
in which n − 1 < α < n [14] . A simplified version of the Eq. (60) occurs in the case when m → 0 and in the absence of correlation in the friction term, which impliesẋ(t) = ϕ −1 η·ξ(t) (the model A in Ref. [6] ), and has as solution
the ensemble average of x 2 can be calculated as follows
using Eq. (59) and (61) in (65), we have
which is related to anomalous diffusive processes. The generalised Langevin equation by Kubo and Mori is written as follows
which implies the generalised version of the fluctuation-dissipation theorem theorem (FDT) given by [32] 
This kind of generalisation made it possible for a class of non-Gaussian noises to be investigated and referred to as coloured noises. In particular, the FDT recovers the usual Brownian motion for the case where ζ(t) = δ(t) (delta function). This case, applied in Eq. (67), implies a dynamics that corresponds to the Klein-Kramers equation [12] . A class of stochastic walkers on the influence of mutiplicative noise can be written as [12] dx dt = h(x(t), t) + g(x(t), t)ξ(t),
that consists in the Ito-Langevin equation. This equation was used in [25] to describe the stochastic movement of generalised walkers, as seen in the previous section. The Eq. (69) has the following correspondence with the Fokker-Planck equation
The correspondence between formalisms allows us to perform a more complete analysis of the physical system. To exemplify this fact, let us consider the generalised dynamics of Richardson. Assuming that g 2 (x, t) = k|x| γ , we can write the Eq. (70) this way
To recover the Richardson diffusion equation, i.e. Eq. (6), considering
we obtain an equation in Richardson sense, as follows
Therefore, we can write Eq. (73) for the movement of particles in turbulent medium as follows
in this case ξ is a Gaussian noise. We have established a connection between the diffusion equation and the stochastic Langevin equation for the diffusion proposed by Richardson for the turbulent diffusion [35] . The Eq. (69) can represents a class of coloured noise equations. Suppose that the noise ξ(t) is not white and is generated by another equation, which is represented here by
in which ξ(t) is given by white noise, in which
Whereas ξ(t) = 0, we have
if τ → 0 the Eq. (75) assumes the form ξ = cξ, so the Eq. (69) is written in terms of white noise. This formalism closes the last analytic form we will address in this review article. All methods in this section have simplicity in describing of the mean quadratic displacement associated with a stochastic process, so they gain more and more space in current research.
Brief discussion and some considerations
The objective since the text was to present the different ways of approaching anomalous diffusive processes, which covers a diversity of problems. The mechanisms that can lead to anomalous diffusion are the most diverse. Mentioning some examples, we have: systems with traps, diffusion in fractal structures, non-locality, interactions, temporal memory. In order to the reader may acquire a general understanding of the analytical approaches to anomalous diffusion, see the table 1.
Among a number of applications that the methods in this review can be applied, we wish to mention some examples and new directions of these methods in the description of anomalous diffusion phenomena.
1. The first formalism presented in this review was related to the fractional walker, this method has a great focus of investigation in the present day, because daily new techniques, theorems and theories continue to be developed by the mathematicians who investigate the fractional calculus [112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124] . With all this progress of the fractional calculus, physics advances together, since it allows the modelling of a series of interesting problems in physics, such as diffusion equation with tempered derivatives [125, 126, 127, 128, 129, 130] , memory systems [131, 132, 133, 134, 135] , non-homogeneous systems [60, 136, 137, 138] , etc [139, 140, 141] . One of the most important roles of fractional calculus in physics has been to introduce ever more sophisticated memory kernels, which capture more precisely the processes observed in the real world [142] .
2. The second formalism presented was related to a non-linear diffusion equation. We show that these equations gain a foundation when they are involved with the proposal of non-extensive statistical mechanics [31] . Nowadays, the Tsallis statistic [31] and nonlinear diffusion have assumed important roles in the application of more subtle problems in thermodynamics, such as black holes [21, 143] , generalised forms of H-theorem [19, 20, 144] , financial market [145, 146] , and many other systems [94, 147, 148] . Here, it is worth mentioning to the reader that from the point of view of the H theorem [11] the porous media equations may imply the Tsallis entropy. However, there are certain non-linear combinations of the diffusion equation that can imply other entropic forms such as Rényi, Kaniadakis, etc. Mathematically, the inverse problem is also valid. From generalised entropies, we can obtain generalised dynamics. However, a dynamic usually implies an entropy. Therefore, the Tsallis entropy would be a consequence of non-linearity in the Fokker-Planck equation [11, 10, 24, 98] .
3. The third formalism addressed by us was the generalised Langevin equation. At present this technique has been extensively investigated in ergodicity breaking [6, 149, 150] , superstatistic [151, 152] , among others [153, 154, 155, 156] . The idea of a noise introduced by Langevin is something that transcends physics and has become important even in financial systems [157] , anomalous diffusion of telomeres in the nucleus of mammalian cells [158] , active walker model for the formation of human and animal trail systems [159] . Recently, Oliveira et al. published a paper [160] that has a deep approach to the generalised Langevin equation. In addition, the authors introduced a general discussion about other formalisms that are essential to describe anomalous diffusive systems.
Diffusion Fractional equations

Nonlinear equations
Stochastic equations Some applications Self-similarity [65] ;
Cold atoms [66] ; Weak ergodicity [150, 161, 162] ; Amorphous solids [43] ;
Porous media [163, 30] ;
Thin Liquid films under gravity [164] ; Radiative heat transfer [165] ; Surface dynamics [166] ;
Transient anomalous diffusion cells [158] ; Biomolecular Folding [167] ; Protein motion [111] ;
Some connections
Central limit theorem [46] ; CTRW [13] ; Lévy flight [48] ; Fractional variable-order derivative [168] ; H-theorem [11] ; Generalised entropies [10, 169] Superstatistics [96, 170] In the last decades, the anomalous diffusive processes have ceased to be restricted to analytic techniques. For the anomalous diffusion ceased to be a line of investigation only of physic and became a phenomenon observed in many fields of science. Today, with the advancement of the computational approach, we can observe the anomalous diffusion from microorganisms [183] to diffusion of particles across membrane [184] . Analysing the trajectory of one stochastic system we can describe if the movement is classified as anomalous or not. Recently Pan Tan et al. made a combination of techniques, including the analytic, experimental and simulation, to describe the anomalous diffusion of water molecules around two biomolecules [185] . The techniques converge to a unique result, showing to the reader that the greater the number of techniques the greater the chances of unravelling some complex behaviour of nature.
